Abstract-The stabilization problem for differentialalgebraic systems with Lipschitz nonlinearities is addressed. The proposed stabilization technique is based on the interpretation of differential-algebraic systems as the feedback interconnection of a linear system and an algebraic system. In this framework the algebraic variable and the nonlinearities can be treated as external disturbances acting on the linear system. A direct consequence of this approach is that the control problem reduces to a classical disturbance attenuation problem with internal stability. The application of the proposed theory to linear differential-algebraic systems recovers classical results. A simple example validates the technique.
I. INTRODUCTION
Differential-algebraic systems (also known as DAE systems, descriptor systems or singular systems) provide a generalization of the state-space modelling which allows a simpler characterization of many physical phenomena such as conservation of mass and flow, topological and environmental constraints or thermodynamical relations. The range of engineering applications which can be naturally described by DAE systems includes mechanical systems [1] , chemical processes [2] , electrical networks with nonlinear elements [3] , as well as models arising in social and economic sciences [4] . Recently, modern simulation tools based on object oriented languages [5] have considerably spread the use of DAE systems for the modelling of physical systems to such an extent that the interest in studying the problems of numerical integration and control of dynamical systems in the differential-algebraic formulation has grown rapidly.
An important concept which provides a measure of the difficulties arising in the control of DAE systems is the concept of index. Loosely speaking, the index indicates the number of differentiations required to reduce a DAE system to a system of ordinary differential equations, see [6] for a precise definition. Classical approaches to the stability analysis and control of DAE systems are based on index or coordinate reduction techniques which, by means of multiple time-differentiations and algebraic manipulations, reveal the underlying ordinary differential representation of the system to which classical results can be applied, see for instance [7] and [8] some cases, an approach to the problem of stability analysis and control in the differential-algebraic formulation is needed. An approach in this direction has been provided in [9] , in which the stability properties of a general class of nonlinear DAE systems have been studied by exploiting the convex structures of the equations. In this setting, the task of finding a Lyapunov function for a DAE system is translated into an optimization problem subject to algebraic constraints, yielding sufficient conditions for stability.
In the present paper we study the stabilization of Lipschitz DAE systems. Lipschitz DAE systems represent a subclass of nonlinear DAE systems in which the nonlinearities are slope-restricted. Although they describe a special class, they are widely studied. In particular, research has focused on observer design for Lipschitz DAE systems, motivated by the fact that state estimation can be used for control (see [10] , [11] , [12] , [13] , [14] and references therein). The approach proposed in this paper is based on the ideas developed in [15] , and extended in [16] , according to which the algebraic variable is treated as an external disturbance and the DAE system is interpreted as the feedback interconnection of a nonlinear system and an algebraic system. A further extension of this concept is to consider the nonlinear terms as additional algebraic variables, reducing the stabilization problem of DAE systems with Lipschitz nonlinearities to a classical disturbance attenuation problem with internal stability for a linear system. The proposed method allows to study the stabilization problem for Lipschitz nonlinear systems (i.e. non differential-algebraic) as a particular case. In addition, the application of the method to linear DAE systems recovers classical results.
The rest of the paper is organized as follows. In Section II we introduce some preliminary results. In Section III we study the stabilization problem for DAE systems and we give the main result. In Section IV we discuss the application of the method to special cases, namely linear DAE systems and Lipschitz nonlinear systems. In Section V a simple example is used to validate the technique. Finally, in Section VI we report our conclusions.
Notation. We use standard notation. The superscript represents the transposition operator. Given a matrix A the symbols σ(A) and σ(A) represent the smallest and largest singular value, respectively, of the matrix A, while σ(A) denotes the spectrum of A. The symbol A 2 represents the induced 2-norm of the matrix A. We define the set C <0 = {s ∈ C : Re(s) < 0}. Given an Hamiltonian matrix H ∈ R 2n×2n we define the set dom(Ric) = {H : Re(λ i ) = 0, ∀λ i ∈ σ(H)}, see [17] .
II. PRELIMINARIES
In this section we introduce some preliminaries which are instrumental to develop the results of the paper.
A. Problem formulation
Consider a DAE system in semi-explicit 1 form described by the equationṡ
where x(t) ∈ R n is the differential variable, w(t) ∈ R m is the algebraic variable, u(t) ∈ R p is the control input, and A ∈
We also assume that the origin is an equilibrium point and that all the mappings are smooth. In addition, the mappings f , g, h and r are such that f (0, u) = g(0, u) = h(0, u) = r(0, u) = 0 for all u ∈ R p and the Lipschitz conditions
are satisfied for all
under the previous smoothness assumptions, conditions (2) are always satisfied in a neighborhood of the origin. However, to achieve global results we assume in the remaining of the paper that the conditions (2) hold globally. The control action in (1) is to be provided by a static linear feedback controller of the form
where K 1 ∈ R p×n and K 2 ∈ R p×m , and the goal is to render the origin of the closed-loop system (1)-(3) globally asymptotically stable.
then the open-loop DAE system (1) has index equal to one. Note that higher index DAE systems may be reduced to index-1 DAE systems by means of coordinates reduction techniques, see [19] , [20] and [21] . Moreover, as shown in Sections III and IV, nonlinear systems may also be described as index-1 DAE systems by defining an auxiliary algebraic variable to "model" the nonlinearities.
In what follows, we show that the closed-loop system (1)-(3) can be decomposed as the feedback interconnection of a linear system and an algebraic system, as depicted in 
where x(t) ∈ R n is the state vector, v(t) ∈ R 2n+m is the input, z(t) ∈ R n is the output and
for some Γ ∈ R n×m , 1 > 0 and 2 > 0. Moreover, consider the algebraic system
where
is the algebraic variable, x(t) is the input, τ (t) ∈ R n+2m is the output and
The following result holds.
Proposition 1. The closed-loop DAE system (1)-(3) and the system obtained from the feedback interconnection of Σ D and Σ A through the interconnection equations z = x and v = τ (see Figure 1) have the same solutions.
III. MAIN RESULT
In this section we provide a solution to the stabilization problem for the DAE system (1). On the basis of the interpretation given in Proposition 1, the algebraic variable and the nonlinear terms assume the role of external disturbances for a linear system. Thus the stabilization problem reduces to a classical disturbance attenuation problem with internal stability.
Theorem 1. Consider the closed-loop DAE system (1)-(3).
with A and B given in (5). Assume that there exist matrices
3) H ∈ dom(Ric). Then the zero equilibrium of the closed-loop DAE system (1)- (3) is globally asymptotically stable.
The following corollary gives a sufficient condition for the existence of the matrices K 1 , K 2 and Γ which satisfy the assumptions of Theorem 1.
Corollary 1. Consider the DAE system (1)-(3).
Assume the pairs (A, R) and (D, E) are controllable. Then there exist matrices K 1 , K 2 and Γ such that the assumptions of Theorem 1 hold for any 1 > 0 and 2 > 0.
Remark 2. The assumption 1) of Theorem 1 is required to ensure that the closed-loop DAE system (1)-(3) has index equal to one.
Remark 3. The controllability of the pair (A, R) is not necessary. In fact, the matrix Γ can be exploited to obtain less restrictive assumptions on the existence of the matrices K 1 and K 2 which satisfy Theorem 1. See Section V for an example in which the pair (A, R) is not controllable and not stabilizzable, yet the conditions of Theorem 1 can be satisfied.
IV. SPECIAL CASES
In this section we discuss the application of the results obtained in Section III to some particular cases of interest, namely linear DAE systems and Lipschitz nonlinear systems. In particular, for the special case of linear DAE systems we show that the conditions obtained are also necessary.
A. Linear DAE systems
In the case of linear DAE systems, the application of Theorem 1 yields classical results [22] , which can be reinterpreted in this framework.
Consider the closed-loop DAE system (1)-(3) with f (x, u * ) = h(x, u * ) = g(w, u * ) = r(w, u * ) = 0 for all x ∈ R n and u * ∈ R p . Note that, since d 1 = d 2 = 0 in (6), the feedback interconnection defined in Proposition 1 holds with τ = w and B = B + RK 2 + Γ(D + EK 2 ). For such a system the following result holds. and K 1 and K 2 are such that D + EK 2 is invertible and
B. Lipschitz nonlinear systems
The stabilization problem for nonlinear, purely differential, systems with Lipschitz nonlinearities can be recast within the proposed framework. The interpretation of the nonlinearities as external disturbances allows writing a nonlinear system as a DAE system and, thus, to exploit the representation as feedback interconnection as given in Proposition 1.
Consider the closed-loop system (1)- (3) with m = 0. In this setting, the system (1)-(3) can be rewritten aṡ
in which
System (11) can be decomposed as the feedback interconnection given in Proposition 1 with
The following result is the counterpart of Theorem 1 for the Lipschitz nonlinear system (11).
Lemma 2. Consider the closed-loop system (11) and let
Suppose there exists a matrix K 1 such that
and H ∈ dom(Ric).
Then the zero equilibrium of the closed-loop system (11) is globally asymptotically stable.
V. NUMERICAL EXAMPLE
Consider the DAE system described by the equationṡ x 1 = 10x 1 + 20w + sin(x 2 ) + sin(w),
in which α ∈ (−0.2, 0.2) is a parameter and the origin is an unstable equilibrium point. To see this, the linearization of (14) around the zero equilibrium yields the linear DAE systemẋ
The underlying differential system can be obtained by replacing the expression of w, calculated from the algebraic equation of (15) , in the differential subsystem yieldinġ
which is unstable for u = 0 and all α ∈ (−0.2, 0.2). Note that the system (16) is controllable, thus there exists a matrix K 1 ∈ R 1×2 such that the closed-loop system (16)-(3) with K 2 = 0, is asymptotically stable, i.e. the closed-loop system (14)- (3) for the same choice of K 1 and K 2 is locally asymptotically stable.
We are now interested in selecting K 1 such that the stability properties of the closed-loop system (14)- (3) hold globally. To this end, observe that system (14) is in form (1) with
The Lipschitz constants in equation (2) are k f = √ 2, k h = 0, k g = 1 and k r = α. Observe that condition 1) of Theorem 1 is satisfied for any α ∈ (−0.2, 0.2). Moreover, the pair (A, R) is uncontrollable and unstabilizable, hence Corollary 1 does not apply in this case. However, the matrix Γ can be exploited to satisfy the assumptions of Theorem 1. In fact, . The real part of the eigenvalues λ i for i = 1, . . . , 4 of the matrix H, for different values of the parameter α, are shown in Figure 2 . In particular, observe that for α ∈ [−0.141, 0.12] the eigenvalues of H are not on the imaginary axis. Therefore, by Theorem 1, the origin is a globally asymptotically stable equilibrium point for the DAE system (14). Re ( 1 ) Re ( 2 ) Re ( 3 ) Re ( To validate the theory, simulations have been carried out using the solver for differential-algebraic equations ode15s of MATLAB with default absolute and relative tolerances, with the parameter α = 0.1. To ensure the existence of the solution for all times, the initial conditions have been selected consistent with the algebraic equation of (14), see [23] . The phase-portrait of the closed-loop system given in Figure 3 shows that the trajectories converge to the origin.
VI. CONCLUSIONS
By interpreting a DAE system as the feedback interconnection of a linear system and an algebraic system the stabilization problem for DAE systems with Lipschitz nonlinearities has been reduced to a disturbance attenuation problem with internal stability. Global asymptotic stability of the equilibrium point of the closed-loop system has been achieved by means of linear state feedback and conditions on the choice of the feedback parameters have been given. The application of the method to the linear case yields classical results. Moreover, we have shown that Lipschitz nonlinear systems can be studied in this framework by interpreting the nonlinear terms as external disturbances.
